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ABSTRACT.
The Let q e [1, oo] , p e [l, oo] , \/p + \/q = 1. The symbols Lp(Q, X) and L (Q, X ) denote the spaces of p-and ^-integrable functions with values in X, and in X (the dual of X), respectively (if. p = °° or ? = °°, the corresponding space consists of (strongly) measurable essentially bounded functions).
The pairing we shall apply throughout this paper is f\z, w) dp, z e L (Q, X), w e L (Q, X all e > 0, there exists a 8 > 0, such that if p(M) < 8, then fM\\f\\ dp < e, for all f e H, p being the measure on Q). where the set fi x N is given the (Fubini-) product measure.
Given a net izxlXer in H C L (fi, X), p e [l, °°). We shall first prove the existence of a measurable function z(t) with the property that there exists a subnet i^x'!x'er' °* ^zx'xeT such that J7^'(7, gz ) dp -> f(A-), gz ) dp., for all z £ X , and all realvalued nonnegative measurable step functions g. is also equi-integrable when p = 1: For any given e > 0, there is an integer 77z such that /. J"oJxxl d^ dv ** e^> unif°rmty *n A' since [z^\ is bounded, and /< / |x. | yE dp dv < e/2, uniformly in A, if E has a product measure which is small enough. For such E, JN fa\x\\ Xg dp dv < e tor all A. X*, \zit)\ < limynit, 0) = xit, 0) a.e. Now, x(i, 0) e Lp(£l, R), hence ziA belongs to L (fl, X), if we prove it to be measurable.
It suffices for the proof of measurability of zi-) to show that (zi-), z )
is measurable for all z £ X (since X is separable, cf. Dunford and Schwartz [1, III.6.11]). But this follows from the fact that (z it), z*)->(zit), z*) a.e.
for z* eX*. Now, if g is a realvalued nonnegative measurable step function, then Ugz\('' dp^ is relatively weakly compact, as a consequence of the properties of A. Define / £ Lg(fi x N, R) as follows: f(t, i) = g(t), f(t, i') = 0, i' + i.
We know that f(z,(-\gbi)dp=fNJaf(-,-)xx(-, -)dpdv -fNfaf(-,-)x(-,-)dpdv =f(z(-), gb.)dp.
Now j(z x(.), gb.)dp= (fgz x(-) dp, b). By weak density of the fc.'s and relative weak compactness of \fgz^(.)dp\ (and [2, 16.7] ), J <z>(-), gz*>zzyi=/|gzx(-Vp, z*\-,/fgz(-)dp, z*\ = j(z(0, gz )dp ior all z e X .
Let Z be the linear span of the set of functions gz , z £ X , g a nonnegative measurable step function. Then J(zx(.), tz/) zfyi -> /(z(0, w) dp for all w eZ.
Furthermore, if p > 1, this holds even for tz' £ f (Q, X ), since the net \z x\ is bounded and Z is norm-dense in L (fi, X ). For p = 1, we first observe that functions of the type S.jZ.X^.j (z. £X ,{A\ a partition of Q into measurable sets), make up a set Z which is dense in L^fl, X ) (in the norm || H^). We know that /(z^O, iv) dp -/(z(.), ii) dp it w eZ and ti is a function for which z. = 0 for i greater than some integer i . Given zz; = 2°ljZ .
-yA e Z , and let W = Halloo-Let « be an arbitrary strictly positive number. If B{ = U7>, A ., for z big enough, /B ||/z|| < e/3W, for all h e \z\ u r7, by equi-integrability. Below, let i be such an integer. Now, there exists a A such that |j(zx(-), w)dp -j(z(-), it) dp < e/3 for A > A', where w = 2* z.\. . Thus, for A > A', |/(z,(.), w) dp -/(z(-), zzj) dp\ < e, *~ i j ŝ ince \f(h(-), w -w) dp\ < e/3, for /> £ \z] U f/. Finally, since Z is normdense in L (fi, X ), and izx(-)l *s bounded, we obtain that f(zx(-), w) dp -/(z(-), zz.) dp for all zz; e LjQ, X*).
Finally, let us prove the theorem for p = oo. Let zx(0 e L^fi, X). Wr may consider zx(.) to be a net in L2(fi, X), obviously bounded. As a net in L2(fi, X), it has a cluster point z in this space with respect to the pairing topology.
From the proof of Theorem 1 we see that the limit z(-) is essentially bounded when the net iz^Ol is norm-bounded, since x(., 0) obviously is essentially bounded when all y (-,0) are uniformly essentially bounded.
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If h is the indicator function of the set \t: \\h(t)\\ > N\ for a given h e L,(fi, X ), we know that Jah \\h\\ -> 0, when N -» °°. Thus also, if w is equal to z or any of the zx's, fh \\h\\ -\\w\\ -> 0, when N -> oc, this uniformly in A. Let hf = 1 -hN. Then /<*(•), />>«> = lim f(zi-), hNxh)dp = lim Aim f<zx(0, A?A)«*/jl) = lim/lim j"(zx(-), A?A)<fyi) = lim J(zx(-), h) dp, and the proof is complete.
Theorem 2. Omit the condition in Theorem 1 that X is separable. Then H is relatively sequentially compact in the pairing topology.
Proof. Let {zm(OI be a sequence from H. We can assume that the func- For p -°°, or p = 1, the result may be extended to the case where fi is ofinite (for p = 1, the equi-integrability condition has to be strengthened to uniform countable additivity of the set function E -► /||^(")||Xe dp., h £ H, in the sense of [l] Lq(Q, X*) = (Lp(Q, X))*, (Lq(Sl, X*)f = Lp(U, X) and the closed unit ball in L (fi, X) is weakly compact. This well-known fact also follows from our proof:
It suffices for compactness of unit balls in "paired" spaces to have countable compactness of these closed unit balls in the pairing topologies, and
Theorem 2 implies this countable compactness of the closed unit balls.
